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1. Introduction

In this report the following problem is treated:
Consider a lattice of N = km points arranged in a tangle
of m columns and k rows(k=m). From these N points n are

at random without replacement. In the following these points will

be called black peoints, the other N-n points are ca

points, where two points are said to be joined if they a: o
adjacent in a horizontal, vertical or diagonal way.

In a rectangle the points are not equivalent. For k and m= 3
(m-2) (k-2) points have joins with 8 other points, 2(m+k-4) points
have joins with 5 other points and 4 points have joins with 3
other points. Therefore we suppose the lattice To be wrapped

around a torus and the ends Jjoined. Then each point on the torus
has joins with 8 other points. For k=1 with m>2 and k=2 witt
m>2 it is sufficient to wrap the rectangle around a cylinder and

to join the smaller ends. Then each point on the cylinder has
joins with 2 other points for k=1 and with 5 other points for k=2.

black-

We now consider the random variable x: the number of

black Jjoins.

(1947, 1948). KRISHNA IYER considered a rectangular lattice
m columns and k rows, where the ends are not joined. Concerning
the choice of the black points he considers two cases:

1. the case where each point may be black or white
independently with probability p and 1-p. Then the number of
black points is a random variable n,

o  +the case described above, where a fixed number n of points

is chosen at random.

Concerning the joins between the points KRISHNA IYER also considers

Ttwo cases:
2. in his 1949-paper the case described above, where TwWo

points are said to be Jjoined 1t they are adjace nt in a horizonta

1,

vertical or diagonal way,



- D .

b. 1In his 1950-paper the case where two points are said to
be Joined 1f tThey are adjacent in a horizontal or vertical way. 1)

The random variables considered by KRISHNA IYER are the number of
black-black Joins and the number of black-white joins. In all cases
he gives the first and second moment; in some cases also the third
and fourth moment. Further he states, without a stringent proof,
that all distributions tend to the normal if k and m both tend to
inf'inity. Here he supposes, without clearly mentioning it, that in
the case of a fixed number of black points
(1;1) O<II\LIim inf ﬁ-‘élim SUp -1%«:1,
N — co N —oo

The asymptotic distribution of the number of black-black joins
being the same for the case of a rectangle and a torus if k and m
both tend to infinity, this (incomplete) proof of XKRISHNA IYER
suggests That the random variable x defined above has asymptotically,
for k and m—oo , @ normal distribution if (1:;1) is satisfied.

P.A.P. MORAN considers an arbitrary lattice with a fixed or
a stochastic number of black points. For both cases he gives the
first and second moment of the number of black-black Jjoins; for
the case of a stochastic number of black points also the third and
fourth moment. Further he proves the asymptotic normality for the
case of a rectangular lattice with a sftochastic n and with Jjoins
in a horizontal and vertical way.

The abovementioned papers are not the only ones concerning
this subject. KRISHNA IYER also published some papers in the
"Journal of the Indian Society of Agricultural Statistics". Further
Prof'. Dr. D. VAN DANTZIG drew our attention to the fact that the
problem is related to the "order-disorder" problem in physics. So
also in papers concerning this problem results may perhaps be found
which are important for our problem.

The results obtained in this paper are
1. The exact distribution of x for

dimensions and more than two colours.



a) k=2 with n = 2,3, and 4
b) k=3 with n = 2 and 3
c) k=m=n =4,

|

2. The exact probabilities P[x=0] and P[ﬁ;ﬂ] for k = 2 and 3,
The first, second and third moment ol X,
4. The asymptotic distribution of x for N—e and lim %-m O.
N— oo
This asymptotic distribution is a Polsson-distribution.

D

2. Notation

The columns in the rectangle are numbered from 1 fto mj; the
rows are numbered from 1 to k. The black points are numbered, 1n
the order in which they are chosen, from 1 to n, whereas the pairs
of black points are numbered in an arbitrary but fixed way, from
1 to ()

2 -
Unless explicitely stated otherwilise

i Takes the values 1,...,m,

J " " 1 Ty o0 a3 K,
)\ and H Take % N /Ig e o - g lly
_ Tl
\)ﬁ K andx i3 i1 11 13#&&3(2)::1

LT the*vth palr of black points consists of tThe pointsJX and P”
with wa$ then the point A will be called the first and the
point H The second point of the*vth pair.

A black point surrounded by white points only is called an
isolated black
joined pailr (of black points) irrespective of their other joins.

An isolated joined pair of black points is called a pair of

twinss a coherently joined set of h black points, which is isolated
from all other black points is called a run oif h.

All points being equivalent the first black point may be chosen

on an arbitrary but fixed place and the distribution of X may be
found by deriving this distribution under the condition that the
first black point has this fixed position. Unless explicltely
stated otherwigse we derive the distribution of X and its moments

AT

point. Two adjoining black points are called a




et

i
ptes,

3., The distribution of x for k=1

For k=1 the exact distribution of x 1s known for each N and

A

n. Therefore we only mention some wellknown properties of this

distribution.
The exact distribution of x may e.g. be derived from the

AP

distribution of the number of runs of black points. If r is This

number of runs then (cf. e.g. W.L. STEVENS (1939) and H.A. KUIPERS

(1957) )
2)

n -n -1
(22

(33;1) Plr=r| = ——x—5—
(nmﬂ)
It may easily be seen that
(352) r +x =n
and from (33;1) and (3;2) it follows that
N-n-",
() ()
(3353) Plx=x|k=1] = “émﬁgﬁéwj“'
()

Consequently the random variable x has, for k=1, a hypergeometric

distribution with

o B e (xie=1) = BE5
(3354)

2) The distribution of r may also be derived from the distributlion

L]

of the number of runs of black points in a row of points of
length N!', where the ends are not Jjolned. If rt is this number
of runs, then (cf. e.g. W. FELLER (1950), p.59, exercise 15)

Then the distribution of r is obtained by substituting N-1 for

N' (cf. e.g. H.A. KUIPERS (1957), p.5).



Now let x' d-aote The numder of white-white Jjoins. Then

(3;5) 2_(___‘ — N“n-_]:: — 2{m+1\']'m2nﬁ

Consequently

(3;6) P[X' % | k= 4] MWELMMJ?~”~1
( N )
N-n-"

e now consider the asymptotic distributions of x and X' ror

N—oo. The random variables x and X' having hypergeometric

o lmak g

distributions we may use the well-known asymptotic properties of
this distribution (cf. e.g. C. VAN EEDEN and J.Th. RUNNENBURG
(1959)). Then we obtain the following results

2
d o if 11m g(%ﬁ__ikﬂ-‘“/\) = 11m I}\':;W = O then
N— co M—o0
(357) 1im Tf”*@\kwﬂ]
N - 0
{ def . n2 s nd O < A e
2., il A = 1lim T exiats and O<A<oe.then the ra
N — o0

variable x has asymptotically for N—o© 3 Polisson

distribution with parrameter A .

~ N .- ¥ - 3
3. 11 lim 0“2( X) = 00 2 , then the random var iables

x'mfx‘
2~ Ppoth have asymptotically for N-o00 a standard
o (x')

and —

normal distribution.
3) If this condition 15 sntiafied then one of the following
conditions is satigfied

2
a8 1 C. _
a) 1lim :ﬁﬁi' = () 5 1im mi“%iw = CO ,
¥ 2 P
.a,.a““}m &u#’%m

b) O =< 11m inf % = 11m Sup Q-ﬁ’l




e now consider the situation that X

isolated black points occur. This situation 18

we have

(339) Plx=x|k=1] = P[s_|w=1].

The equality sign in (3.9) holds if and only if x=0

Further we have (cf. VW. FELLER , D. B9, exercilse

uﬂ|

(33;10) Pls |k=1] =

L

Consequently, for each finite x, we have

L s

: S | x=x3;k=1| = 1.
X

L

(3;12) 1im

N — oo

o

Y FELLER considers a row of N' polnts,

joined. Then the probability for the bla L
ength 1 (1=1,




....7.....
n2
This means that, if TV'haS a positive, finite limit, asymptotically

only paigs of twins of black points and isolated black roints occur.

Lf N — has a positive, finite limit asymptotically only pairs
of Twins of white points and isolated white points occur.

*. Some properties of the distribution of x for k=2

D ]

In this section some properties of the distribution of x for

k=2 will be derived. The trivial case that mm25) is lef't out of
consideration; then m=23(N=26) and each polnt has Jjoins with 5
other points.

In section 4.1 we derive the exact distribution of x for

n=2, 3 and 4; section 4.2 contains a general expression for
PEﬁ;Olka;and Pﬂﬁ?qlkEEJE formulae for ¢E(x|k=2), 2(5_km2) and
ﬁﬁ{(ﬁr'gg)alka}rare given in section 4.3,

L

4.1. The exact distribution of x for n=2, 3 and 4

If N=6 each point has joins with each of the 5 other pointTs.
Consequently (cf. footnote 5)

(4.1;51) Plx = #n(n-1) k=2, N=6| = 1 0En<6.

I m>3 and n=2 the random variable x takes one of the values O
and 1. If the first black point is chosen N-1 points are
avallable for the second black point; 5 of these N-1 points have

joins wilth the first black point, consequently

{

P[ﬁmO lkm2, nm2:] . g:ﬁ >
(4.1:2) ‘

2.
N-1

}

PEﬁwﬂlkaﬁ nm2:]

We now derive the distribution of X for n=3 and we first
consider the case that N=10. For the second black point with
respect to the first one the following situations may be

distinguished: (3% denotes a black point, . a white point)

Lo IR B Qe ey T T S

LT’ m=2 each point in the rectangle has Jjoins with each of the

chree other points. Consequently




probability

(4.1;3)

D the other situations N"qo.

First situation A.1 is considered. If the third black point is
chosen x takes one ~f the values 1,2 and 3 and the number of times
X Takes these wvalues may be counted as follows:

where for the possible positions of the third point the wvalues
assumed by X are indicated. Consequently for k=2, N=10 and n=>71

For situation A.2 the same values of X With the same probabilities
occur.

In an analogous way the distributions of x under the conditions

» U and D may be obtained. This gives for k=2, N =10 and n=3:

:‘"




Similarly it may be seen that (4.1;5) also holds for N=8.
In an analogous way the distribution of x for n=4 may be
obtained:



x | Plx=x|k=2,N=8,n= P[me k=2 ,N =10, n=4

wma——

.

N-14)(N-12) (N-10
N-1)(N-2) (N-3

_6(N-10) (5N-56
N-1)(N-2)(N-3

4.2. A general expression for P[E;OikaJ and PE£F1|k”2}

A general expression for

NSy

P|x=0|k=2]

R,

may be obtained as follows.

The random variable x takes the value O 1f and only il The
following situation occurs:

each column of the rectangle contains at most one black pointT and
between two columns containing a black point at least one column
with two white points occurs.

This situation is denoted by S. The situation S cannot occur 1f
n:»%nmN 5 consequently

(#.251) P[x=0 |k=2] = O if n>§-,

We now compute P[S ka] ffor n§§§-u If Tthe first black polnt 1S
chosen n-1 isolated columns must be chosen from g-w 1 columns.

This can be done in (c¢f. (3;3) for x=0)




N ?
(277
ways. In each of these n-1 columns a black point may be chosen in

two ways. Consequently the number of ways in which n-1 black
points may be chosen from N-1 points such that S occurs is

-er

n - 1i~~ —
2R (2.

Consequently |

(4.2;2) Pl|x=0|k=2| = 2

for n§§§~a LT n3w§-then nmﬂlbgw~n~4, SO

N
(mmnﬂn ﬁw*n>§-j

i.e. (4.2;2) also ho.ds for n:mﬁ-

P[x 1|km2 1s not derived under the condition that the first
black point has a fixed position. This probability may easier be

found as follows.

Let, for v=1,...,(5),

{;4 1T the‘vth pair of black points is a Jjoined pai

(4.253) RCERe th
O 1f the W pair of black points 1s not &
joined pair.

Then

M

(4.25%)  P[z=|k=2] = % P[x=1 and x, =1

4
L

Further, if x,=1, the follcwing situatlons may be distinguilshed
A. The two points of the V'
column. Then (cf. (4.2;2))

black pair are in the same

(4 .2;5)  Plx=d|x.=1,A,l=2] = 2""2 B2 7
(4.255) Plx=1|x,~1,A,k=2] = 2 — 2

I'ne two points of tThe Vb black pair are not in the same

column. Then (cf. (4.2;2))

......
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N 1-(n-1)-1
) n-2 (2 n-2 )
(4.2;6) Plx=1|x,=1, B, k=2 | = 2
e T : (N-—g)
n-2
Further
@ 5w T A lenl 4 r : . 4
(4.257) Plx,=1 and Alk=2| = &+ , P[_}ivm/] and B|1{m24 =

consequently (cf. (4.2:4))

Hafmmliy

v

?wm

(4.258) P[x=1|k=2] = Z {P[x,=1 and A|k=2].P[x=1|x,=1,4,k=2
+ Plx,=1 and B |k=2] .P|x=1|x,=1,B,k=2} =

- _
(g)gﬂ B E-n. Ew-nmﬂ
= mmmm(N-’l) (N-—-Q) %(21,1__2) + 4(2 _5 )}
Nn-2

4.3. The mean,variance and third moment of x.

In this section formulae for 8(§ kx2)3 <ﬁ2(5wkw2) and

%{(g__-— 83{”)3] kmE} will be derived.

If xy (V=1,...,(5)) are defined by (4.2;3) then

(4.3:1) A = ZV:E.V
and (cf. also (4.1;2))
wa“}__(__vm“—- 11:*@(.'22; e -N-%‘;rb
(4.3;52) ;
[-m - "“‘*.r p— i — WN“ b
Plxy = Olk=e | = A

Now we need the following moments
2(x o lk=2), &(x°|k=2) and &(x |[xk=2)

E(x,x

shayrining W peiesy

k=2) and &(x°x

- k=2 ) for V# K«

E(x,x %) for \}%K#Y s, VFEY.

From (4.33;2) it follows that



(4.353)  &x,lk=2) = &x5|k=2) = &(x7 k=) = P[x,= 1|k=2] = 2=

— * N--1
Consequently
(H.35%) %/{_}E_ik ) Z\;g(_?(_vl{ 2) (2) S =

Further we have, for v# x,

(4.355)  Lx,x, |k=2) = &(xix, |k=2) = P[x,=1 and x =1|k=2] .

For the v“h and Kth palr of black points the folleowing situations

may be distinguished.

1. The »ﬁh and Kth pair together consist of three black

points. The number of such couples of pairs of black points with
V# K is n{(n-1)(n-2) and

(4.3;6) P[x,=1 and x,=1|k=2] = P[x,=1|k=2].P[x,=1|x =1,k=2| =

—— mm\t’ | . E....WK MOV |
_ 5 4 _
N -] N-2
Th th : . o4 ﬁ
2. the v and K palr together consist of four black points.

The number of such couples of pairs of black points with v # k
18 &*n(nwﬂ)(n~2)(n~3) and we consilder the following two situations.
a. The Ttwo black points of the’vth palr are in The same
column (cf. fig.)
Do
. X
Then the first black point of tThe mth pair 1s
a.1 in one of The columns 1 or 11
a.2 not in one of the columns 1 or 11,

where
L [:{me/] ‘T{m 3 a. J = NM:B:“BM
(Plx =12 a.2] = g25
Consequently

Plx,=1|k=2,2] = g5
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b. the two black points of the vﬁh pair are in adjacent
columns

or

Then the first black point of the palr is

b.1. in one of the columns I or IT
b.2. in one of the points III or IV
b.3. in one of the other points,

where

'l'

};

(4.3;9)

consequently

(4.3510)  P[x.=1|k=2,bl= —% . === + :

>0 1f the vth and Kﬁh pair together consist of four black points

then

b

Consequently (cf. (4.3.6) and (4.3;11))

(4.3.12)

Further (cf.(%.3;1))

(4.3313) &(x®|k=2) = T &xZ|k=2) + T T € (x,x,|k=2)

fo m ( )_{_ . 3 ; 4 ) , ( 4 # 3 3 /] 2 ) n d ( )'l' # 3 : 1 3 ) the "o f o 1lOWS |



(4.3;14)  oP(xk=2) = 2(n=1)(N-0)(Won)(N-n-1)
2(N------w’l) 2(N- 2)(N 3)

In an analogous way ?ﬁ(x m_myikm2) for*v%x%wzand‘v%y may be
th th h

obtained. The V and Y palr of black points together
consist of 3, 4, 5 or © points and we find for NZ8

. ' number of
number

three pairs *% % k=2) = Pix=aXax =11 k -
points | situation| otpyagy ey K=2) = P lxmxoxy=t [ k2]

' points

: N(n-1)(N-2.) | (N ;?‘N N

| 3h(h“1)(n“l)(h -3) 5 (Nq)(Nii)(N-EJ)

60
(r\l 1)(N 2)(N- 5\

| n(n “T)(n“Z)(ﬂ “3)

joC N~ 496
(N- 1Y(N-2)(N- 3>(Nw>

_1 “MN-2MN-3)Y - -5) "!ZSN - 1350N+ 3784
ERRIO S o) CENT (DB (N-5)

Further (cf. (4.3;1))

(4.3;15) %(§3|km2)m Zf(;i K=2)+3 2 2 8}‘:23«:_%-!- 222 ¢(x,x X Xy | k=2).

Vst K V# K#Y
VY

Consequently (cf.(4.3:3),(4.3;12) and the table above)




(4.3317) %{0wm%x)3\kmzkxx

o for N-6

(N-1)(5 N’E‘* 133 NFr 09N +182)+ 24N (N- NY(NF+ L8N - 4000

N(N-1(N-NYN-n-1) = N1y S (N -2 N-3) (=L (N-5) for N = 8,

5. lon of x for k=3

5.1. The exact distribution of x for n=2, n=3 and N=16 with n=

L N=Q each point has joins with each of the 8 other points.
Consequently (cf. also (4.1;1))

(5»151) P[X = %n(nnﬂ)lkmmm3] = for O§§n§;9g

For n=2 we have (cf. also (4.1;2))

P[x=0|k 23,n=2] = =2

(5.1;2)
P[§f1|k§§33nm27 mfﬁ%T“

- ]

For n=3 the exact distribution of x may be obtained in the

ilanmal e

same way as in section 4.1. In this case we have

Further we have for n=k=m=4 (N=16)
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! winpm it P . m i T -‘

. T N ; [P Y - il ey S

: . . 1

; e P ot .

- - i, j WMWW TS NPT T e e i ﬁn
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0, 0066
00,0352
0, 2198
0, 3165 |
O, 3429 |

5.2. A general expression for P[E;OQKHB] and P[§F1fkmj]

If k=3 a general expression for

Pl x = ﬁkm3:land PﬁXm1!k=31

L E

may be obtained in the same way as in section 4.2,

In this case the random variable X 18 equal to zero if and
only 1if the following situation occurs:
each column contains at most one black point and between two
columns containing a black point at least one column with three

white points occurs. .

In an analogous way as in section 4.2 we then find

and

Formulae for the moments of x may be obtained in the same

b

Yy as 1in section 5.2 for k=2, We again consider the random
variables x (v=1,...,(5))(ef.(%.2;3)). Then




(5.3;1)

As in section 4.3 we need the following moments

Jk23),  £(x51k23) and E(x|k23)
2

K“@» 3) and gtxx:“LQB) for v #KX
( X “"““""Y t K= 3} for ¥ %K% Y, ¥ 7Z Y .

From (5.3;1) it follows that
(5.332)

Consequently

._ ﬁ - 2Y » >4y _ gy 8 4n(n-1
((5.333)  E(xlxz23) =5 € (x| k23) = (D) 5o - 2nln:

For the vth'and Kth pair of black points (v#K) we again consider

the following situations (cf. section 4.3)

1. tThe yth and Kth palr together consist of three black points.

Then
4y E(x,x.| K = E(x5x, |z
(5 33 ........v......... m':...B) ' (Evm}g_\&lkms)
_ _ 4> a2l - O T _
= P X m’]lkmw -\ P[X = FMKW’];,R:‘\‘:%B] = W " M =
. Th . ., Th : _ L B . n
2. The v and ¥ pair together consist of four black points.

Then 1t may be proved (in the same way as in section 4.3) that

(5.3;55) E(x, x| kx3) = £ vws«lkh 3) = (N - :1'6 lliTIEZII = -3 )

Consequently (cf. also (4.3:;12))

(5 3:6) 2 Z Eb (vak\k“) 3) = 1’1(1’1“1)(1’1“2)
V£EK _

+-&-n(n~1)(n“2)(n“3)




then follows

_ dn(n-1

(5.3:8) o“(x|kz3)

(N“/])E(N“Q) (N"‘B)

N-n

N-n--1

In an analogous way ;ﬁ(mm mw‘k .3) for v#K#y, v#y may be

th

th an d’Y

s K

obtained. The vth

section 4.3)

number of
Three pairs
of black
‘points

!

situation|

N(N-1)(N-2)(N-23)

" Ay i i,

‘.,m

?-flh(n ){n-2)(N- 3)(m L)

prair of black points tTogether
consist of 3, 4, 5 or 6 points and we find for N> 9g (cf.

also
= P[?fv“?éf ?,SV“T,]
k= .,

e e b e T T TRy N T WY . e oy e e I T T G A T A . ik ke M e il L

,_ (N-T)(N-2)(N-3) 5 (N-1)(N-2)(N-3)

: 336 _ 3230

| (-1)(M-2)(N-3) (N=TY(N-2)(N-3)
LLEN — 2388 LLS N - ,u,(rb

(M 1)(1\1 :l\(N 3‘)(N Lﬂ

cool

From this table it follows that (cf.

L
Wmﬂwwwmmwm»u A AL T S A "

f(foNsz )W%AWN% |

'#mr_n-m thu-hﬂ*yxﬂwm el el .."-

(N~ ‘I)(N 2)(N-3) (N 1.0

- 5‘!1 ot 5/60N+17‘.5.L..L,
(N 1")(N ”)(N 3)(N -4) (N - 5)

Pt T MR g

also (4.3:;15))

(5.3:9) x> |k=3,m=4) = mlnA) N

+ n(n-1)(n-2)(n-3) Tfﬁé%%%gﬁgﬁ%¢:§y +

+ 6n(n-1)(n-2) (n-3) (n-4) FoyE=z Ty

+ g n(n-1)(n-2)(n-3)(n-4) (n-5) 75— "ﬁNi“ e
and

'

(N-2) (N-3)(N-F)

_28N-151 N

12N m576ON+17 e S



From (5.3;9) and (5.3;10) then follows (cf. also (4.3:;17))
(5.3;11)  Lx-2x)° k=3 =

= o for N=g

A(N ‘*)(N“‘“ﬁ* A5N +?>7A N + 6@)%— :‘m(N m)(nN"w 10 N 1557 )

o ' — for k=3,mz.,
(N-1)P(N-2)(N-3)(N-4) (N-5)

2 (N-17) [(N (N2 N-)+ an(N- n) (N +23)]

N(N-1)(N-n)(N-n-1) (N1 (N-2)(N- Y (N (Nesy for kzL, .

S = ﬁ(a (N - h)( N--1 )

¢

|

. The asymptotic el

Let further (cf. section 3) X' denote the number of white-white
Joins, then (cf.(3.5))

(6.2 x' =x +3 N - an.

Further

(653)

Now the following cases may be distinguished (cf. section 3)
1. 1im x = O

N—=>eo

2 . X(immgm:f 1im %x exists and O< A<eo

N~ e
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4, X g:-—-mf lim &£ X' exists and 0<N<w

N — o0

5. 1lim € x' = O,

N —co

It may easily be seen that (cf. (3;7) and (3;8))

(1. lim P[x=0 ]= 1 if lim €x = O
(654) e Nves
| 2. 1lim P[x'=0] = 1 if 1lim €x' = 0.

N

N—aco

follows from the properties of the hypergeometric distribution
(cf. section 3). For k=2 A.R. BLOEMENA (1960) proved the

¥- E£X x!'-£x
asymptotic normality of wm and ""‘""———(—-Q, ET,“‘ under the condition

(cf. footnote 6)

(63:5) 0 <lim inf zXlim sup 5 <1

N ——>ce N-—> oo N
This asymptotic normality does not only hold for k ana wm
(cf. section 1), but also for finite k and m—o. The asymptotic
normality for k2 2 under the condition (cf. footnote ©6)

|

1. 1im

N—-o0

Z| s

(6;6)

or

1}

' . Eﬁ
2. Llim N

N—=c0o

has not yet been proved.
We now consider the case that




(6;9) lim Plx=x| = = ?
N*"}C@ - Xu

For k=1 this follows from the properties of the hypergeometric

distribution (c¢f. section 3). For k=2 and K=3 with x=0 or x=1
(659) follows from the exact formulae for this probability

(ef. (H.252), (4.2;8), (5.2;1) and (5.2;2)). For Plx=0| k=2] e.g.
it follows from (4.2;2) that for n< N

I'l — )—T
n-1 . o . n - @
(6310)  Plx=0|k=2] = [T 2gBoEL o 77 (q o 2nfly
1= 1=

consequently (cf. (6§8))

_ , -
(6511) lim 1n PLEeOlkmE] = 1ldim ZLW In( 1- 2§+L) =
N—co N—c0 =" Nl
-] 2
= =1im }:; cntl “1lim 28 = — A
N N 2N
—o 1= N—eo

In an analogous way (6;9) may be proved for k=2 with x=1 and
for k=3 with x=0 and x=1.

In the general case (63;9) may be proved as follows.

T'he random variable x takes the value O if and only 11 each

points (15§im1g§n~1) are chosen in such a way that they are all
isolated. Then for the ith black point N - (i-1) points are
avallable n"nd at least N - (a+1)(i-1) of these points have no
joins with the (i-1) black points. Consequently

(63;12) P XmO]ér

and from (6;12) it follows that

(6;13) lim inf P[x=0]2 lim TT"~{

N—— o ~ N—=oe i=

‘Now consider the situation that x pairs of twins occur and n-2x
isolated blackpoints (cf. section 3). This situation is denoted




nuT

(6;14) P[E?XIEE P[S ,

K_.-

where The equality sign holds if and only if x=0 and x=1.

Now we have

€ fais] -
2

Consedquently, for x> O,

il A
- ..?iy""“ﬂ

(6:96) o] = sy - e - T @l
- S5 2[5, [, =1]
Further
_ ] 7)
(6;17) Lim {P[Sx‘g_c_vmﬂ - P[5, _ ]l = o,
consequently
(6;18) ﬁffm{isx] - P[wa” = 0.

Now we have (cf. (6;13))

- ~ X
(6519) 1lim inf PXﬁOW = Jlim inf PS'}%;e
N ——>00 B i N ——> oo - O

1f we suppose that, for a certain value of X,

| o - A )\x
(6;20) 1im inf P[leg; —

!
N om x !

then it follows from (6;18) that (6;20) holds for x+1. From (6;19)
then follows

-\ X
(6521) lim inf P[x=x|2 lim inf P[S_|= 52—

and from E:jP[ﬁ;x] = ‘1 then follows
X ' ‘




ewk)g
X!

(6;22) 1im P{x=x| = lim P[S_| =
N—>co - N—roo - £

Consequently X possesses asymptotically a Poisson distribution
with parameter A and asymptotically only pairs of twins
of black points and isolated black points occur.

An alternative proof of asymptotic Foisson distribution may be
found in A.R. BLOEMENA (1960) .
ian Further if A gfﬁﬁﬁﬁj exists and O<X<oco,the random variable x' has
0 gsymptotically a Poisson distribution with parameter X'. In this
case asymptotically only palrs of twins of white points and
isolated white points occur.

Proof of |

Let y,, denote the number of Jjoins of the yth pair with the
other n-2 black points, then

(6;23)
consequently

(6;24) 11

2an
E..qu) < N

£(y,|%,=1) = 0 and Pl ¥, =0

_____ L x,=1] = 1.

Further

(6325) P| S

Consequently (cf. (6;24))
(6;26) Lin (P[s, |x,=1] - P[5,

N—> co

Further, if y,=0 and x,=1, there are at least N-2a points
available for the n-2 black points, obtained by omitting The V¥
pair. Consequently, if y,=0 and x,=1, the situation Sx is 1id
with the situation that these n-2 black points chosen from at

least N-2a points give tThe situationsxmqﬂ Therefore

P XMB = 0.

th

entical
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